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A scaling model is presented for low Reynolds number viscous flow within an array of microfabricated
posts. Such posts are widely used in several lab-on-a-chip applications such as heat pipes, antibody
arrays and biomolecule separation columns. Finite element simulations are used to develop a predictive
model for pressure driven viscous flow through posts. The results indicate that the flow rate per unit
width scales as ~h''7g"33/d’> where h is the post height, d post diameter and g is the spacing between the
posts. These results compare favorably to theoretical limits. The scaling is extended to capillary
pressure driven viscous flows. This unified model is the first report of a scaling that incorporates both
viscous and capillary forces in the microfabricated post geometry. The model is consistent with
Washburn dynamics and was experimentally validated to within 8% using wetting on microfabricated

silicon posts.

Introduction

Microfabrication techniques are commonly used to make
a variety of unique geometries for microfluidic applications. One
such geometry is a lattice of microfabricated posts. Micro-
fabricated posts have been used to make a particle array trap
using negative dielectrophoresis force and hydrodynamic force,!
where the cells are trapped at the stagnation points of the
cylindrical posts. An assembly of microposts has also been used
for the separation and isolation of rare tumor-derived epithelial
cells from whole blood samples of cancer patients.> An array of
posts has also been used in capillary electrochromatography
separation® and in micro-heat pipes.

Despite the wide use of microfabricated posts, no universal
scaling law exists for predicting flow around these posts. Previous
investigations have been limited to idealized geometries. For
example, flow past an isolated, infinitely long cylinder can be
approximated using matched asymptotic analysis.* Flow past
a single isolated cylinder has also been extended to a square array
of infinitely long cylinders.® While the solutions to these idealized
problems provide some guidelines for understanding the flow
within a lattice of posts, they cannot be used to engineer lab-on-
a-chip devices. The problem of flow within an assembly of posts
used in microfluidic applications differs from the problem of flow
around an infinitely long cylinder in that microposts are bounded
on at least one side by the supporting substrate. Ishino et al. have
made accurate predictions in the two extreme regimes when
either the drag from the post surface (tall posts) or the drag from
the bottom surface dominates (short posts) and have also vali-
dated these predictions by experiments.® They have shown that
for short posts (4 < p, center-to-center distance), the speed of
wetting increases as the height of the post increases, while for tall
posts (7 > p), the speed of wetting is fixed by the radius of the
posts.
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In the present work, a combination of finite element modeling,
dimensional analysis, and wetting experiments are used to
develop and validate a predictive scaling law for flow through an
array of finite microfabricated posts that are in contact with
a supporting substrate. The viscous scaling model accounts for
viscous resistance from both the pillar surface and supporting
substrate, and is valid over a wide spectrum of post geometries.
The viscous scaling model is combined with surface energy-based
estimates of the capillary pressure to obtain a unified scaling law
that is analogous to Washburn dynamics. Finally, wetting
experiments were performed on microfabricated silicon posts,
which agree to within 10% of the scaling law for a single contact
angle.

Theory and modeling

The flow through a lattice of microfabricated posts is analogous
to Washburn dynamics, which describes the interaction between
surface tension and viscous forces during the wetting of a circular
capillary.” According to Washburn dynamics, the distance,
[ penetrated by a liquid driven by capillary pressure into a hori-

. [yrt cosf
zontal tube is given as /= oSy 2cos or I =+/Dt where
w

rcosf . .. . . . .
D=, /Y oy is the liquid surface tension, ¢ is the time, r is
n

radius of the capillary, # the contact angle and u the liquid
viscosity. The coefficient of penetrance, D, measures the ability
of the liquid to penetrate a capillary tube or, in our case, a lattice
of posts.

The microfabricated post geometry is shown in Fig. 1. The
height of the posts is given by /i, diameter d, and gap between the
posts g. We seek to find an analogous expression for penetrance
D in terms of the geometric parameters /, d, and g.

An expression for the capillary pressure in the microfabricated
post structure shown in Fig. 1 can be obtained by comparing the
difference in surface energy between wetted posts (dEyeqeq) and
dry posts (dEon-wettea)- This difference between surface energies
(dEpon-wetted — dEwetteq) drives liquid wetting, to obtain a minimal
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Fig. 1 Image of the device and sketch for the numerical model. (a) The
Figure shows an array of posts microfabricated in silicon. The posts are
5 um in diameter, 45 pm high and 5 pm apart. (b) An array of posts may
be simulated by considering flow around an isolated pillar. In this case,
flow was simulated around the center pillar. The black box around the
center post indicates the control volume or the computation domain.
Symmetry boundary condition is applied on the boundary shown with
dotted lines. Periodic boundary conditions of flow rate are applied on the
other two boundaries shown in solid lines. Dotted arrow shows the
direction of flow. (¢) Due to the inherent symmetry in the problem,
the computation domain can be further halved. Image of the corre-
sponding 3-d model in COMSOL is shown in Fig. 3.

energy state. By considering the change in surface energy of the
wetting liquid front by a small wetting distance dx through the
pillars, an expression for capillary pressure can be derived

wd? nd?
APL'ap = p%h |:COS€ <7rdh +]72 — T) — (p2 — T>:| (1)

where the pitch is p = g + d (i.e. center-to-center distance between
the posts). See Supplemental At or elsewhere for details.®

A universal expression for viscous losses through the micro-
fabricated post structure cannot be derived easily from first
principles. This expression must account for viscous drag from
the posts, interactions between the posts, and viscous losses from
the supporting substrate. As a result, a combination of finite-
element simulations and dimensional analysis is used to derive
a scaling law that is applicable to a large range of the geometric
parameters.

We define a dimensionless flow rate per unit width, ¢, using the
flow rate per unit gap, ¢, viscosity, u, and the driving pressure
gradient dP/dx (see Supplemental C for detailst). The pillar
geometry has three independent parameters, d, g and i—there-
fore, ¢ can be expressed arbitrarily as a function of two dimen-
sionless parameters, //g and g/d.

e o

q = g
gd
dP 42
()

The function 1//<§, §> can be determined by numerically

simulating the simplified geometry shown in Fig. 1c. The
numerical simulations are conducted using COMSOL V3.5a
(COMSOL, Inc., Stockholm, Sweden). For ease of computation
and faster convergence, a single isolated post with appropriate
boundary conditions (symmetry, periodic and no-slip) is used to
simulate the lattice of posts as shown in Fig. 2. The numerical
model uses the weak formulation of the incompressible Navier—
Stokes equation

p(u.V)u = Ve[—pl + u(Vu + (Vu)")] and V.u =0

[CTTTIITTIT p:l boundar\/ condition
s n=0 boundary condition

Fig.2 Image of the numerical model. The Figure shows the computation
domain used in the numerical model to simulate pressure driven flow
around an array of posts (3-d rendering of the sketch shown in Fig. 1c).
No-slip boundary condition is applied on the bottom surface. Pressure
boundary conditions are applied upstream and downstream at a distance
g/2 from the post as shown in the Figure. Symmetry boundary condition
is applied on all remaining surfaces.

In order to obtain flow profiles for a wide range of post
geometry (1, d, p), at least an order of magnitude in each of these,
the N-S equations are made dimensionless using the diameter of
the post. A parametric solver is used to scan the heights /, while
holding d and p constant. The Moving Mesh (ALE) application
mode is used for scanning the parameters d and p by mapping
each geometry into a baseline finite element geometry. See
Supplemental D for details.t

To obtain ¢, the numerical model is used to compute the flow
rate per unit gap, ¢, around the post for a given pressure drop. ¢
is then calculated using eqn (2) for combinations of g, d and /.
The diameter, d, is varied between 5 um and 100 um. The non-
dimensional parameters g/d and h/g are varied between 1 and 10.
Fig. 3a shows the plot of gas a function of 4/g for g/ld =1, 4 & 10.
The data collapses onto a single curve to obtain the universal
scaling shown in Fig. 3b, where

)
g= —y(2E)=10(7) (8

AP o gd g (d)
dx

Rearranging, the following expression is obtained for the flow

rate per unit width.
dpP,
dx) ph'17g3

30u 405

q= 3)
Eqn (3) is accurate to within 8% over the parameter space g/d ~
10 and 1 < h/g < 10. As the posts get closer (i.e., for g/d ~ 1 and
1 < hlg < 10), the error increases slightly but is still within 10%.

Limiting scenarios of eqn (3) were examined to better under-
stand the relevance of the exponents of 4, d and g. When g < h
and g < d, the limit of lubrication flow is obtained for which the
flow rate is given by?® (see Fig. 4)
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Fig.3 Dimensional analysis for viscous, low Reynolds number flow around a post. (a) The dimensionless flow rate per unit width, ¢, is plotted as a function
of the dimensionless parameter /4/g for different ratios of g/d. Flow rate computed from the COMSOL numerical model is used to calculate §. For each
gld, three diameters (5, 20 and 50 pm) were simulated. Although three separate curves are obtained, each of the curves has the same slope. (b) ¢ is plotted
as function of a dimensionless parameter, such that all the simulated data from Fig. 3a collapses to a master curve. 3 different diameters were simulated

for g/d = 1 and 4 and two diameters for g/d = 10.
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Fig.4 Comparison of the viscous scaling for flow through a lattice of posts
with limiting regimes. The solid square in the middle shows the design
space for our experiments and numerical simulations. The surrounding,
smaller boxes show the limiting scenarios.
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Comparing eqn (3) and (4), notice the same inverse square root
dependence on the pillar diameter and the nearly similar depen-
dencies on pillar height and diameter. Undoubtedly, the physics of
the flow in the parameter range that has been investigated is
qualitatively similar to lubrication flow; most of the pressure drop
occurs as the liquid gets squeezed between the posts. Eqn (4) is not
accurate for /g ~ 10, where the lubrication approximation breaks
down and the error can be as much as 50%.
Eqn (3) also shows some similarity to the pressure-driven flow
around an isolated infinite pillar. In this case, the pillar is infinite
and therefore the viscous drag arises entirely from the surface of

702
the pillar given by the drag coefficient,* Cp ~ log (3 17{2 6). The

;
flow extends infinitely in all three directions, but to compare with
our scaling model we calculate the flow through a cross-sectional

area p*h around the post which is found to be
()
0x

0~ szhl Log(%)- Upon comparing to eqn (3),

a similar dependence on the height is noticed. Fig. 4 summarizes
the comparison of our scaling with these limiting regimes.

To understand the wetting behavior of the post structure, the
scaling for viscous flow in eqn (3) is combined with capillary
pressure in eqn (1). The pressure gradient 0P/0x is taken as

. . dl
AP/l and experimentally measured velocity as — = 4, b ,
dth pey
nd® . . .
where poy =p — E is the effective spacing between the posts

that the flow experiences (see Supplemental B for detailst). We
thus obtain the following.

dL 1 v gt , wd?
dr 300 puy OB cosf| wdh+p 4

)

For complete wetting (cosf = 1), eqn (5) is integrated to obtain
the total length of the liquid front as a function of time and
shown to follow Washburn dynamics.

1.337,0.17 0.5
L= T .u, (6)
15u Pefy
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Fig. 5 Simulation results from the unified scaling model. The numerical model predicts the coefficient of penetrance, D, for different configurations of
pillar arrays. (a) D as a function of height for various combinations of gap and diameter. (b) D as a function of height for constant gap, but varying
diameter of the posts. The dotted line in the plot emphasizes how different combinations of (4, d, g) can end up giving the same D—this would have

interesting implications for fabrication.

Fig. 5 summarizes a few design predictions using the unified
scaling model (eqn (5)). The coefficient of penetrance, D is
plotted as a function of post height, 4. It is evident that D, and
therefore the rate of spreading, increases with increasing /.
However, this effect is more prominent at smaller /1 while for
taller posts, the coefficient D tends to plateau. These findings are
in agreement with previous experimental findings® and consistent
with the hypothesis that for taller posts the gain in capillary
pressure is counter-balanced by the increase in viscous drag due
to increased surface area. Fig. 5a shows the coefficient, D for
different combinations of g and d as we increase /. Fig. 5b shows
the coefficient D for same gap g but different diameter, d. The
plots give interesting insights for optimizing D. For example,
consider two cases both with a gap g = 20 pm. The same value of
Disobtained forh=100 um & d =5 pm and for h =20 um & d =
20 um (shown by a dotted horizontal line in Fig. 5a).

Experiments

Wetting experiments were conducted on a 3 cm x 3 cm lattice of
posts etched in silicon using the Bosch deep reactive ion etching
process (Fig. 1). Devices with three different posts heights were
fabricated (20, 40 and 60 um). Prior to wetting, silicon devices
were gently cleaned with acetone, isopropyl alcohol, and deion-
ized water and treated with UV radiation for one minute (UVO
Cleaner, Jelight Company Inc., Irvine CA). Experiments were
performed on a Nikon zoom microscope (AZ100) and recorded
with a digital camera (Nikon Digital Sight). Movies of experi-
ments were analyzed using an image analysis macro in ImageJ
(available from NIH, http://rsbweb.nih.gov/ij/).

A 40uL drop of deionized water is placed at the edge of the
silicon device (Fig. 6a). Capillary pressure spontaneously draws
the liquid into the posts and the length of the maximum liquid
front, L is monitored with time, ¢ (Fig. 6b) for varying height, /.
We fit the data of length L with 7? and obtained a regression
coefficient R? greater than 0.996—thus validating that the
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Fig. 6 Wetting experiments in microfabricated silicon posts follow
Washburn dynamics. (a) The silicon device is 3 cm wide and contains
a square lattice of posts (g = 50 um, d = 100 pm). A 40 pL drop of water is
added to the left edge of the device. The sequence of images shows the
progression of wetting and the increasing length, L, of the moving liquid
front. (b) Plot of L vs. time, t. We were able to fit the data to a power law
function with an exponent of %2 with a regression coefficient greater than
0.996. The dotted line is the power law fit and confirms Washburn
dynamics.
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Fig. 7 Wetting on silicon pillars validate unified scaling model. The result
from the unified numerical model is plotted (solid lines) along with the
experimental data for three different heights of the posts (short, medium
and tall). A contact angle of 43° was used for all three devices. The
coefficient of penetrance, D, was predicted within 8% for each of the three
devices. It may be noted that 43° was used arbitrarily and the error is
substantially reduced to within 1% if we change the contact angle in each
device individually by +2°. Here d = 100 pm and g = 50 um.

imbibing liquid front indeed follows a planar front and agrees

with Washburn dynamics. Using the fitted curve, the coefficient

of penetrance, D, is measured to be 2.41 cm? s~' for d = 100 um,

g =50 um and & = 60 um. Furthermore, the edge velocity of the
dL D1

liquid front is calculated as v = T L and is shown in Fig. 7.

The edge velocity at 3 cm is found to be 5 mm s~!. As the length
of the penetrated liquid grows, the pressure gradient driving the
flow decreases and so the edge velocity also drops.

Fig. 7 shows the validation of the unified scaling model (eqn
(5)) with wetting experiments using water on silicon microposts.
The experimentally measured L vs. ¢ from three different sets of
devices is compared to the predictions from eqn (5). A contact
angle of 43° was estimated for all devices. The use of this contact
angle is consistent with others in the field and specifically with the
contact angle resulting from the Bosch process of etching
silicon.*™! The contact angle on etched silicon has been reported
in the literature to be between 35 and 43°. Using a contact angle
of 43°, the experimentally obtained L vs. ¢ shows excellent
agreement with numerical predictions. The table in Fig. 7 lists the
values of the coefficient of penetrance, D, obtained from exper-
iments and numerical simulations. These data agree to within
8%. Since the contact angle will vary slightly from device to
device, a part of this error can be attributed to the variation in
contact angle. The error in D is less than 1% when the contact
angle is allowed to vary by +2° between devices.

Conclusions

A combination of numerical simulations and dimensional anal-
ysis was used to derive a scaling model for predicting flow
through an array of microposts. It was found that the flow rate

per unit gap between two adjacent pillars in an array scales as
h7, d%5 and g'*#. This universal scaling was accurate to
within ~8% over a wide parameter space that spanned 5 < d <
50 um, 1 < g/d < 10, and 1 < h/g < 10. This parameter space is
wide enough to encompass geometries that are most commonly
used in lab-on-a-chip applications.

In addition, the scaling model was extended to wetting by
incorporating the expression for the capillary pressure through
an array of posts. The resulting unified model, which combines
viscous drag and capillary pressure, can thus be used in the
design of posts with the appropriate combination of 4, d and g to
obtain the desired rate of wetting. It was found that the same rate
of penetrance may be obtained using different combinations of 4,
d and g as shown with dotted horizontal lines in Fig. 5a and b.
For instance, the same coefficient of penetrance may be obtained
with much shorter pillars by choosing the appropriate diameter
and spacing. Such predictions are critical from a micro-
fabrication standpoint, particularly because fabricating deeper
(taller) posts is usually harder than making wider posts.

Wetting experiments using microfabricated posts in silicon
were performed to validate the unified scaling model. Our scaling
model predicts the coefficient of penetrance, D, to within 8% of
the experimental values. This 8% disagreement may be attributed
partially to variation in contact angle. If the contact angle is
allowed to vary by +2° between devices, the penetrance D agrees
with experiments to within 1%. The numerical model is now
being extended to include other arrangements of posts (trian-
gular array, staggered etc.), non-uniform variation in gap and
diameter. Such predictions will not only be a useful tool for
designing lab-on-a-chip devices but will also advance our
understanding of the physics of flow around a post.
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